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Abstract 

We show that the tools recently introduced by the first author in [5] allow to give a 
PDE description of p-harmonic functions in metric measure setting. Three applications 
are given: the first is about new results on the sheaf property of harmonic functions, 
the second is a PDE proof of the fact that the composition of a subminimizer with a 
convex and non-decreasing function is again a subminimizer, and the third is the fact 
that the Busemann function associated to a line is harmonic on infinitesimally Hilbertian 
CD(0, N) spaces. 



Contents 

1 Introduction [l| 

2 Preliminaries 7 

2.1 Metric measure spaces 7 

2.2 Sobolev classes [8 

2.3 The object D ± f(Vg) E 



3 The object dW(hVg) 

3.1 Definition .... 

3.2 Calculus rules . . 



16 
17 



4 Relation with non linear potential theory |27 



Some applications |31 

5.1 Sheaf property of harmonic functions 31 

5.2 Composition of superminimizers with convex and increasing functions .... |31 

5.3 Harmonicity of the Busemann function associated to a line on infinitesimally 



Hilbertian CD(0,N) spaces \3c 



1 Introduction 

The terminology 'nonlinear potential theory in metric measure spaces' refers to the study of 
real valued p-harmonic functions defined in the abstract setting of metric measure spaces and 
related topics. We refer to [6] for an overview of the subject and detailed bibliography. 
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In the classical Euclidean setting there are two equivalent ways to formulate the statement 
'the function g £ W 1,P (Q) is p-harmonic', being $7 C K d open and p € (1, oo). One consists in 
requiring that V • (\Vg\ p ~ 2 Vg) = in the sense of distributions, the other in requiring that g 
minimizes the p-energy, i.e. 

/ \VgfdL d < [ \V(g + f)\ p dL d , V/ € Wq' p (£1). (1.1) 

JQ JQ 

The vector space structure of M. d plays no role for what concerns such equivalence: the same 
hold if O is an open subset of a smooth Riemannian manifold, because the only thing needed 
to pass from a formulation to the other is a smooth structure and integration by parts. 

To approach a definition of p-harmonic function on a non-smooth structure requires some 
work, in particular the first thing to do is to give the definition of Sobolev space of real 
valued functions defined on a metric measure space (X, d , m) . Several equivalent definitions 
have been proposed (by Cheeger [7j , Shanmugalingam [15] and the first author together with 
Ambrosio and Savare [3], [3], the latter recalled in Section [IT2]) , all of them having in common 
the fact that for a function g € W 1,P (X, d, m) it is not defined its distributional gradient, but 
only its modulus l-D^I^, typically called minimal generalized upper gradient or minimal weak 
upper gradient (although being this object defined in duality with the distance, it is naturally 
the norm of a cotangent vector rather than of a tangent one, thus it would be more proper to 
call it minimal generalized/ weak upper 'differential' whence the notation with 'D' in place of 
'V'). The definition of W 1,P {X, d, m) can be naturally localized to obtain the space of Sobolev 
functions W 1,p (fi) and W 1,p (ft) defined on an open set f2 C X . 

With such space at disposal the variational formulation of p-harmonic functions, in this 
setting called p-minimizers, can be given: one says that g £ W 1,P (Q.) is ap-minimizer provided 

/ |ACdm< / \D(g + f)\P, dm, V/e^'^n), (1.2) 
Jn jq 

and nonlinear potential theory on metric measure spaces has been built on these ground. 
Quite surprisingly, assuming only completeness, a doubling condition on the measure and the 
validity of a local weak Poincare inequality and despite the lack of a PDE characterization 
of p-minimizers, the theory has been pushed quite far. For instance the Harnack inequality, 
the strong maximum principle and several regularity results have been obtained, see [6] for a 
detailed overview of the subject. 

Aim of this paper is to show that also a genuine PDE characterization of p-minimizers can 
be given in this abstract framework. The approach we propose is independent from analysis 
in charts. In particular, the sort of PDE that we are going to define is not linked to the 
differential structure of metric measure spaces built by Cheeger in [7]. This structure can 
be used to define a (chart-dependent) notion of differential of a Sobolev function £LS clll £1.6. 
well defined vector in some M^. Then one can define the scalar product Df ■ Dg of two 
Sobolev functions as the scalar product of these vectors as elements of R . Studies about the 
regularity of the resulting notion of harmonic maps have been done in [11] (see also the more 
recent paper [10] about solutions of the corresponding Poisson equation). One clear advantage 
of this approach is that one always obtains a bilinear map (/,<?) i— > Df ■ Dg which yields - 
by integration by parts - a linear Laplacian. The drawback is that, being chart-dependent, 
Df ■ Dg is not intrinsically defined, and thus its link with the geometry of the space is not so 
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evident. In particular, in general it is not true that Df ■ Df = \Df\^ (only a two sided bound 
holds) and thus minimizers of f n \Df\^j dm are in general not the same as the minimizers of 
J n Df-Df dm. 

Aiming for a PDE description of minimizers in f)1.2|) , we will then proceed differently. The 
key tool that we will use is the definition of 'differential of a function / applied to the gradient 
of a function g 1 for Sobolev /, g which has been proposed by the first author in [9] and that we 
now describe. To fix the ideas, let us work for the moment on the space (M. d , || — 1| , L d ), where 
|| • || is a strictly convex norm. The differential Df(x) of the smooth function / : M. d — s> K at 
a point x is the cotangent vector defined by 

nf/ w v ,. f(x + tv) ~ f{x) 

Df{x){v) := hm , 

t-s-o t 

for all tangent vectors v € T x M. d ~ M. d . By definition, the differential linearly depends on the 
function and its norm is computed w.r.t. the dual norm || • ||* of || • ||. The gradient V f{x) 
of / as x is the tangent vector w defined by = and Df{x){w) = \\Df{x)\\^. 

Given that for any v € T x R d ~ R d it holds 

Df(x)(v) < ||Z>/(aO||„H < \\\Df{x)\\l + \\\v\\\ (1.3) 

it is easy to see that w is the gradient V/(x) of / at x if and only if 

Df(x)(w)> l -\\Df{x)\\l+ l -\\ W \\\ (1.4) 

A simple compactness argument shows that V f{x) exists and the strict convexity of || • || 
ensures uniqueness. Observe however that in general the gradient does not depend linearly 
from the function (this is the case if and only if the norm comes from a scalar product). Being 
the gradient a tangent vector, its norm is computed w.r.t. || • ||. We remark that it holds 
||jD/(sc)||* = ||V/(x)|| so that we can't really distinguish differentials and gradients by only 
looking at their norms: the crucial algebraic difference is instead the fact that the former is 
linear on the function, while the latter is not. 
Now we claim that 

D/( v,)(,) = um iisfa +«/)(■«- ii (L5) 

Indeed, by the very definitions we have 

D(g + ef)(Vg)(x) < l\\D(g + ef)(x)\\l + ^\\Vg(x)\\ 2 , VeeR, 

and 

Dg(Vg)(x)> 1 -\\Dg(x)\\l+ 1 -\\Vg(x)f. 

Subtract the second inequality from the first, divide by e > (resp. e < 0) and let e I 
(resp. e t 0) to obtain 

^/(V^)(x) < lim ll^ + e/)(-)H2 " 11^)112 



Df{Vg)(x) > lim 



e4-0 2e 

\\D(g + ef)(x)\\l-\\Dg(x)\\; 



eto 2e 
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Then notice that the strict convexity of || • || is equivalent to the differentiability of || • ||* 
to conclude. The interesting fact about the identity (jl.5p is that it defines the value of 
Df(Vg)(x) starting only from the notion of norm of differential. 

If the norm is not strictly convex the situation complicates a bit, because the gradient of a 
smooth function is not anymore uniquely defined. This is best understood with an example. 
Endow R 2 with the L°° norm and consider the function / : R 2 — > R given by f(x±, x 2 ) := x\. 
In this case, all the vectors v of the kind v = (1,^2) with v 2 G [ — 1 ; 1] can be called gradient 
of / at, say, (0, 0). Indeed all of them have norm 1 and the derivative of / at (0, 0) along any 
of them is 1, 1 being also the (dual) norm of the differential of /. 

Thus in general we must work with a multivalued gradient. The definition can be given as 
before: w € V/(x) provided inequality (11.4|> holds (notice that inequality (11.3P remains valid 
in this higher generality). Being the gradient multivalued, we can't hope anymore to define 
a uniquely valued map DfiVg) : R rf — > R and the best we can do is to consider its maximal 
and minimal values 

D + f{Vg){x) := max Df(x){w), 
D~f(Vg)(x) := min Df(x)(w). 

wGVg(x) 

With arguments similar to those used to prove (jl.5p in the case of strictly convex norms, one 
can see that it holds 

i\D(g + ef)(x)\\l-\\Dg(x)\\i 



D + f(Vg)(x) = lim 



D-f(Vg)(x) =lim 



\D(g + ef)(x)\\l-\\Dg(x)\\l 



eto 2e 

On metric measure spaces (X, d,m) we don't have an a priori notion of differential and 
gradient of Sobolev functions, but as said we have a notion of 'modulus of the distributional 
differential'. Therefore we can use the right hand sides of (jl.6p to define the m-a.e. value of 
D^fiS/g) for Sobolev /, g. The existence of the limits is ensured by the m-a.e. convexity of 
the map e 1— >■ \D(g + ef)\^. 

It turns out that for fixed g, the map / h-> D + f(Vg) (resp. / i-> D~ f{Vg)) is posi- 
tively 1-homogeneous, m-a.e. convex (resp. m-a.e. concave) and 1-Lipschitz in the sense 
that |-D ± /(V5) — D^fCVg)] < \D(f — f)\ w \Dg\ w m-a.e.. Conversely, for fixed / the maps 
g i-> D^fiVg) are positively 1-homogeneous and have some general semicontinuity property 
(Proposition EHD. 

It is important to underline that we are not defining, nor we will, what are the differential 
of / and the gradient of g, but only what is the value of 'the differential of / applied to the 
gradient of g\ which is all one needs to integrate by parts (for a proposal of what is the 
gradient of a function see Definition 3.7 in [9]). The fact that this is a reasonable definition 
comes from the validity of the chain rules 

D ± {<p o f )(Vg) = if' o fD ±si ^'°Vf(Vg), 

D±/(V^ o g)) = V/ o gD ±si ^'^f(Vg), 

where 93, ip : R — > R are Lipschitz and of the Leibniz rules for differentials 

D + (hh){Vg) < hD^f 2 {Vg) + f 2 D s >h{Vg), 
D-{hf 2 ){Vg) > f 1 D-^f 2 (Vg) + f 2 D^f 1 (Vg), 
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where s, is the sign of /j, i = 1,2. See Subsection 12.31 for the precise statements. In connection 
with this calculus, there are two interesting particular cases. 

• Infinitesimally strictly convex spaces, i.e. spaces which resemble K rf with a strictly 
convex norm. This can be read at the abstract level as those spaces for which 
D + f(Vg) = D~f(Vg) for any Sobolev /, g. In this case their common value will be 
denoted by DfiVg) and the calculus rules simplify, as the map / i— >■ DfiVg) is linear 
and the Leibniz rule for differentials holds as equality. 

• Infinitesimally Hilbertian spaces, i.e. spaces which resemble M. d with a norm coming 
from a scalar product. This can be read in abstract by requiring that the Sobolev space 
W 1,2 (X, d, m) is an Hilbert space (in general it is only Banach). With some work it 
can be proved that these spaces are infinitesimally strictly convex and that the object 
Df(Vg) is symmetric in /, g, thus in particular it is bilinear and the Leibniz rule holds 
also for the gradients. 

In connection to this, it is worth to underline that there are two sources of nonlinearity in 
nonlinear potential theory in metric measure spaces: one is due to the exponent p which, 
when different from 2, causes the p-Laplacian to be nonlinear even in the Euclidean setting, 
the other is due to the nonlinear dependence of gradients from functions, well known in a 
Finsler context, which in general let the Laplacian be a nonlinear operator (see for instance 
[16]). 

All this comes from [9] (see also [5] for the original discussion on infinitesimal Hilbertianity, 
there mentioned as 'spaces with quadratic Cheeger energies'), where these notions have been 
used to define the distributional Laplacian and prove Laplacian comparison estimates on 
spaces with Ricci curvature bounded from below. 

As mentioned, in this paper we show that these calculus tools allow to give a PDE de- 
scription of p-minimizers on doubling spaces supporting a weak local Poincare inequality. 
The crucial definition that we give is that of distributional divergence: in short, given a 
Sobolev function g on an open set Q C X with \Dg\ w € L p (J7,m) and h £ L g (Q,m) with 
p,q € (l,oo) conjugate exponents, we say that hS/g is in the domain of the divergence, and 
write hVg € D(div, il), provided there exists a measure \x on ft such that the inequalities 

- f hD sisn ^f{Vg) dm < [ fdfi< [ hD~ sisn Wf{Vg) dm, (1.7) 
Jn Jn Jn 

hold for any Lipschitz and compactly supported function / on fi. In this case we write 
fj, € div(/iV(7)|^, the notation in bold standing to remember that the divergence so defined 
is a measure, potentially multivalued. It is certainly unusual to deal with a multivalued 
divergence, but the lack of a single valued notion of 'differential applied to gradient' implies 
that we can't write the integration by parts formula as equality, so that the best thing we can 
do is to ask / dfi to be between the maximal and minimal corresponding integrated values 
of hD ± f(Vg), as in ([LTj) . 

As for the object D^fCVg), it should be noted that the expression div(/iVg) is purely 
formal in the sense that we don't have a definition for hS/g nor for div. The justification of 
the notation comes from the fact that the expected calculus rules hold. For instance we prove 
the chain rule 

div(W(^0 5f))| n = div(V ogVg)\ w 
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the Leibniz rule on infinitesimally strictly convex spaces 

div(hih 2 Vg)\ n = Dhi{Vg)h 2 m\ n + hid\v{h 2 Vg), 

and the Leibniz rule for gradients on infinitesimally Hilbertian spaces 

div(W(ffi02)) = div(%iV5 2 ) + dw(hg 2 Vgi). 

All these formulas are proved under quite general and natural assumptions on the functions 
involved, see Subsection 13.21 

Then in Section[3]we prove the main result of the paper, Theorem l4.2l namely that a func- 
tion g on $7 is ap-minimizer if and only if \Dg\ZT 2 Vg G D(div, Q) with € div (| D <?|ST 2 V sO|q- 
We also study the problem for p-subminimizers (resp. superminimizers) i.e. functions g such 
that 

/ \Dg\l dm < [ \D(g + f)\l dm, 
Jn Jn 

holds for all non-positive (rep. non-negative) / G Wq' p (Q). In the Euclidean setting, the 
corresponding PDE characterization is V • (| V<7| P ~ 2 V<7) > (resp. < 0). The same result 
holds in the abstract setting provided we assume infinitesimal strict convexity, see Corollary 
14.41 for the result and the discussion before it for a comment about such assumption. 
In Section [5] we give three applications of this results. 

1) We employ the local nature of PDE's to prove that on infinitesimally strictly convex 
spaces g is a p-subminimizer on $7 = Ujfii if and only if it is a p-subminimizer in each 
of the fij's, thus answering in this case to the Open Problems 9.22 and 9.23 in [6], 
see Proposition 15.11 We weren't able to drop the assumption on infinitesimals strict 
convexity not even in the case of p-minimizers, see Remark 15.21 for comments in this 
direction. 

2) We give a new proof, based on PDE techniques rather than on variational methods, 
of the fact that the composition of a subminimizer with a convex and non-decreasing 
function is again a subminimizer. See Proposition 15.31 

3) We show that the Busemann function associated to a line on an infinitesimally Hilbertian 
CD(0,N) space is harmonic, see Proposition 15.71 Here we somehow invert the point 
of view and rather than using the differential calculus developed to prove statements 
concerning nonlinear potential theory, we employ the maximum principle proved in this 
latter setting to deduce a new PDE result. Indeed, in [9] it has been proved that the 
Busemann function b associated to an half-line on a CD(0, N) space satisfies div(Vb) < 
(under some assumptions on the space which are fulfilled in the infinitesimal Hilbertian 
case). This means that for the two Busemann functions b + ,b _ associated to a line we 
know that div(Vb + ), div(Vb~) < and that b + + b~ has a global minimum (see 
Subsection 15.31) . According to what is known in the smooth case, we would like to 
deduce that b + + b~ is constant, which is typically proved via the strong maximum 
principle. The very same thing can be proved in the non-smooth setting once we know 
the validity of the strong maximal principle, which we do according to Theorem 9.13 in 

About the inequality div(Vb) < 0, it is worth to underline that it is proved via means 
that have nothing to do, in principle, with nonlinear potential theory. Indeed, the 
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technique used to get it is related to an 'horizontal' derivation (typical in the mass 
transport context) rather than to a 'vertical' one (more common in Sobolev analysis), 
see Section 3.2. in [S] and in particular Theorem 3.10 for a discussion on these topics. 



In preparing this paper the authors have been partially supported by ERC ADG GeMeThNES 



2 Preliminaries 

2.1 Metric measure spaces 

Throughout all the paper (A, d) will be a complete and separable metric space. We denote 
by B r {x) the open ball of center x G X and radius r > 0. C([0, 1],X) is the complete and 
separable metric space of continuous curves from [0, 1] with values in X equipped with the 
sup norm. 

A curve 7 G C([0, 1],X) is said to be absolutely continuous if there exists a function 
/ G ^([0,1]) such that 

d(7t,7 s )< / /(r)dr, Vt, s e [0, 1], s.t. t < s. (2.1) 

J s 

The set of absolutely continuous curves from [0,1] to X will be denoted by AC([0, 1], X). 
More generally if the function / in (I2.ip belongs to L q ([0, 1]), q G [1, 00], 7 is said (/-absolutely 
continuous, and AC q ([0,l],X) is the corresponding set of (/-absolutely continuous curves. 
Recall (see for example Theorem 1.1.2 in [2]) that if 7 G AC q ([0, 1],X) then the limit 

hm d(7W ;' 7t) 
h-^o \h\ 

exists for a.e. t G [0,1]. Such function is called metric speed or metric derivative, is denoted 
by |7t| and is the minimal (in the a.e. sense) L q function which can be chosen as / in the 
right hand side of (|2.ip . 

For every t G [0, 1], we define the evaluation map et ■ C([0, 1], A) — > X as 

et(7)=7t, V 7 eC([0,l],X). 
For / : X — ¥ M the local Lipschitz constant \Df\ : X — > [0, 00] is defined by 

\f(y) - f(x)\ 

\Df\(x) := limsup -. r , if x is not isolated, otherwise. 

v-kc d(x,y) 

Given a Borel measure a on X, supp((i) is the support of a, i.e. the smallest closed set 
on which a is concentrated. We denote by £?{X) the set of Borel probability measures on X. 

Endowing the metric space (X, d) with a measure m, we get a so called metric measure 
space (X, d,m). Throughout all the paper we will assume that 

(X, d) is a complete separable metric space and 

m is a Borel non negative and doubling measure on X, 
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where doubling means that for some constant C > it holds 

m(B 2r (x)) < Cm{B r (x)), ViGl, r > 0. 

Let po > 1. We say that (X,d,m) supports a weak local (l,po)-Poincare inequality (or 
more briefly a £>0"P orncar 6 inequality) if there exists constants Cpj and A > 1 such that for 
all x 6 X, r > and Lipschitz functions / : X — >■ R it holds 

i 

» / l/-/^)|dm<Cp J 2rf 1 / |Z>/|Wdm] , (2.3) 
m{B r (x)) J Br(x) rK ' ym{B Xr (x)) J Bxr {x) J 

where fB r ( x ) := m (B 1 (x)) Ib (x) f dm. We remark that typically the Poincare inequality is 
required to hold for integrable functions / and upper gradients G (see for instance Definition 

4.1 in [6]), rather than for Lipschitz functions and their local Lipschitz constant. It is obvious 
that the second formulation implies the one we gave, but also the converse implication holds, 
as a consequence of the density in energy of Lipschitz functions in the Sobolev spaces proved 
in [1] for the case po > 1 and in pQ for pq = 1. Therefore the definition we chose is equivalent 
to the standard one. 

Remark 2.1. In this paper we will mostly work on doubling spaces supporting some Poincare 
inequality, but we remark that actually several results are true on general complete separable 
metric spaces endowed with a locally finite measure m. Indeed, the algebra behind our main 
results, which is the one recalled in Section 12.31 remains true in this higher generality, as 
showed in [9]. The choice to work with doubling&Poincare is motivated by the following 
facts: 

• the goal of this paper is to provide a link between the theory developed in [9] and 
nonlinear potential theory, and the latter is typically developed in doubling&Poincare 

spaces, 

• these assumptions greatly simplify the exposition thanks to the strong density results of 
Lipschitz functions in Sobolev spaces (recalled in Theorem 12 .5p and to the independence 
of the p- minimal weak upper gradient on p (see Theorem I2.6|) . This latter fact in 
particular will allow us to define the objects D 1 /(V</) (which are the non-smooth 
analogous of 'the differential of / applied to the gradient of g') without referring to a 
particular Sobolev exponent p. 

2.2 Sobolev classes 

In this subsection we recall the definition of Sobolev classes S P (X, d, m), which are the metric- 
measure analogous of the spaces of functions having distributional gradient in L p when the 
ambient space is the Euclidean one, regardless of any integrability assumption on the function 
themselves. In particular, the Sobolev space W l,p {X, d, m) will be defined as L p (X,m) n 
S P (X, d,m). Different approaches to these spaces have been proposed in the literature, most 
of them being equivalent (see [4] for a discussion about this topic) here we follow the approach 
introduced in [3] and [5] (see also [9] for a presentation closer to the one given here). 
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Definition 2.2 (g-test plan). Let (A,d,m) be as in (j!T2"j) and n G &>(C[0,1],X). We say 
that 7r has bounded compression if there exists C > such that 

(e t ) tt 7r<C7m, We [0,1]- 

For q G (l,oo) we say £/ia£ 7v is a g-test plan i/ ii /ias bounded compression, is concentrated 
on AC q ([0, 1],X) and 

JJ^ |7t| 9 dt tt(7) < oo. 

Definition 2.3 (Sobolev classes). Let (X, d,m) 6e as in (|2.2p . p G (l,oo) and q the conju- 
gate exponent. A Borel function f : X — > R belongs to the Sobolev class S P (X, d,m) (resp. 
Sf oc (X, d, m),) if there exists a function G G L P (X, m) (resp. in L P oc (X,d,m)) such that 

J l/(7i) - /(7o)|d7r( 7 ) < y y 1 G( 7s )|7 s |dsd7r(7), V g-test plan tt. (2.4) 

7n i/iis case, G is called a p-weak upper gradient of f. 

Since the class of g-test plans contains the one of g'-test plans for g < g', we have that 
S p oc (X, d,m) C S p oc (X, d,m) for p > p', and if / G S p oc (X, d,m) and G is a p-weak upper 
gradient, then G is also a p'-weak upper gradient. 

A basic property of p-weak upper gradients is their lower semicontinuity w.r.t. m-a.e. 
convergence, in the sense that it holds 

/„-►/, m-a.e., ) ( / E S*(X,d,m), 

/ n €Sf(X,d,m), Vn G N, I ^ I 

G n is a p-weak upper gradient of f n , Vn € N, | | G is a p-weak 

G n —^G, in U 3 (X, m) J [ upper gradient of /. 

(2.5) 

Arguing as in Section 4.5 of [4], we get that for / G S P (X, d,m) (resp. S p oc (X, d, tn)) there 
exists a minimal function G, in the m-a.e. sense, in L P (X, m) (resp. L^ oc (A, m)) such that 
(|2.4p holds. We will denote this function by \Df\ WtP . 

It is clear that S P (X, d,m) and S^ oc (X, d,m) are vector spaces and that it holds 

\D(af + Pg)\ w>p < M|I>/kp + \P\\Dg\ WjP , m-a.e., Va,/?GR. (2.6) 

Moreover the spaces S P (X, d,m) n L°°(A, m) and S p oc (X, d,m) nL^,(I,ra) are algebras on 
which it holds 

|£>(/5)kp < \f\\Dg\w, P + \g\\Df\ w , p , m-a.e.. (2.7) 
It is also possible to check that the object \Df\ w ^ p is local in the sense that 

V/ G Sf oc (A,d,m) it holds \Df\ wp = 0, m-a.e. on / -1 (iV), V N C R, s. t. £ x (iV) = 0, 

(2.8) 

and 

\Df\ WiP = \Dg\ WiP , m-a.e. on {/ = g), V/, g G Sf oc (X, d, m). (2.9) 

Also, for / G S P (X, d,m) (resp. S^ oc (A, d,m)) and (p : R — > R Lipschitz, the function 99 o / 
still belongs to S P (A, d,m) (resp. S p oc (X, d, m)) and it holds 

|-D(¥'o/)Uj» = |^o/||-D/Uj. m-a.e.. (2.10) 

Thanks to the locality property (|2.9p . a natural localized definition of Sobolev class can be 
given: 
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Definition 2.4 (The Sobolev classes Sf oc (Q) and S p (f2)). Let (X,d,m) 6e as in ([12]), Slcl 
an open subset and p G (1, oo). The space Sf oc (Q) is the space of Borel functions f : Q — > E 
such that fx G S p oc (X, d, m) for any Lipschitz function x ■ X — > [0, 1] compactly supported in 
VL. For f G S p oc (0), i/ie function \Df\ w>p G L P oc (r2,m) is defined by 

\Df\ w , p :=\D(Xf)\ w , p , m-a.e. on { X = 1}, (2.11) 

where x '■ X — > [0, 1] is as above and we are thinking the function Xf to be defined on the 
whole X, with value outside $7 (thanks to (|2.9p i/iis is a good definition). 
The class S p (0) C S p oc (0) is i/ie one o/ all f's such that \Df\ WjP G L P (Q). 

The locality principle (j2.9j) and the local nature of (|2.6p . (j2.7j) and (|2.10p imply that these 
latter properties are valid m-a.e. on f2 for functions f,g G S p oc (il). 

The Sobolev space W 1,p (X,d,m) is defined as W X *{X, d,m) := S p (X,d,m) nP(I,ra) 
endowed with the norm 

ll/llw^PpT.d.m) := H^Hlp(X,m) + IH-^/l^.pllz,p(X,m)- 

W 1,P (X, d, m) is always a Banach space (but notice that in general W 1,2 (X, d, m) is not an 
Hilbert space). Similarly, the Sobolev spaces W^(p.) and Wlf c {Sl) are defined as L p (f2,m) PI 
S P (S1) and L p oc (fi,m) n S p oc (Q) respectively, the former being a Banach space with the norm 

H/llw^.pCn) := H/llLP(n,m) + IH- d /I ? ">pIIlp(o,to)- 

This definition of Sobolev space coincides with the one of Newtonian space introduced in 

|15j . as proved in [3]. Therefore we have the following density results of Lipschitz functions 

(see for instance Theorem 5.1 in [6] and its proof). 

Theorem 2.5 (Approximation with Lipschitz functions). Let (X, d,m) be as in (|2.2p sup- 
porting a pQ-Poincare inequality (j2.3j) and let p > po be strictly greater than 1. 

Then for every f G W 1,P {X, d, m), there exists a sequence {/ n }neN of Lipschitz functions 
W l,p ' -converging to f and this sequence can be chosen to satisfy {f n +i ^ /} C {f n ^ /} and 
™{{fn / /}) -> as n -> oo. 

^4/so, i/ / is non-negative (resp. non positive) the f n 's can also be chosen non-negative 
(resp. non-positive) as well. 

Finally, if f has compact support contained in some open set Q C X, the f n 's can be 
chosen so that U n supp(/ n ) is compact and contained in 0, as well. 

Notice that, up to the present knowledge, in general the quantity \Df\ W p may depend 
on p. Yet, in case (X, d,m) is doubling and supports a po-l° ca l Poincare inequality, as a 
consequence of Cheeger's work [7] we have that \Df\ WtP is independent of p for p > po as 
recalled now. 

Theorem 2.6. Let (X, d,m) be as in (|2.2p and supporting a po-Poincare inequality (|2.3p . 
and let p > p' > po with p' > 1 . 

Then every f G S p oc (X, d,m) a/so belongs to S p oc (X, d,tn) and |-D/|w )P = m-a.e. 

Proof. The fact that / G S p oc (X,d,m) and |£>/| w y < Wj p are obvious. To prove that 
\Df\ w , P ' = \Df\ W)P we argue as follows. Due to the local nature of the thesis and with 
a truncation and cut-off argument we can assume that / G W 1,P (X, d, m). Then we use 
Theorem 12.51 and conclude as in Corollary A. 9 in [6] (which in turn is an application of 
Theorem 6.1 in [7]). □ 
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2.3 The object D ± f(Vg) 

From now on we will always assume that the space (X, d,m) is as in (|2.2|) and supports a 
Po-Poicare inequality fj2.3[) for some po G [l,oo) so that, thanks to Theorem 12. 6\ the weak 
upper gradients relative to p,p' > po (if they exist) must coincide m-a.e.. 

In this subsection we recall the notion, introduced in [9], of differential of / applied to the 
gradient of g, for / and g Sobolev functions and the related calculus rules. First of all notice 
that if ip : R — > R + is a convex function, the followings 

liminf ^) p -^(Q) p limsup ^) p -^°) p 

are actually limits as e 4- 0, e f respectively, and can be substituted by inf £> o, sup £<0 
respectively. Moreover they are equal to 99(0)99' (0 + ), 99(0)99' (0~) respectively. 

Now for a fixed p G (1, 00) and for any /, g G Sf oc (fi), observe that (12. 6|) ensures that the 
map e h4 |-D(<? + e/)| TO ,p is convex in the sense that 

\D(g + ((1 - A)e + ^i)f)\v>j, < (1 - \)\D(g + £ f)\ w , P + X\D(g + £i/)U, p m-a.e. (2.12) 

for any A G [0, 1], £0, £1 G R. 

Definition 2.7 (^/(Vs)). lei (X,d,m) 6e as in (|2.2p supporting a po-Poincare inequality 
([2.3p .. VL <Z X an open subset, p > po strictly greater than 1 and f,gE S P oc (£l). The functions 
D^fCS/g) : Q — >■ R are m-a.e. defined by 



eio p£\Dg\ 

D(g + £f)\ p w -\Dg\ p 



w 



D f(Vg) :=limsup — . 

etc pe\Dg\<u, 

on {\Dg\ w ^ 0}, and are taken by definition on {\Dg\ w = 0}. 

The initial discussion ensures that the limits in the definitions exist, do not depend on p, 
and can be substituted by inf e> o (sup £<0 respectively). See the introduction for a discussion 
about the choice of the notation. 

Throughout the paper, the expression D^ 1 f '(V g)\Dg^ on the set {|D<7| W = 0} will be 
taken by definition. In this way it will always holds 

» + /(v 9 )| D «- 2 = M lgfe±iQ&dgg6 , 

the equalities being intended m-a.e.. 

Notice that the inequality \D(g + £f)\ w < \Dg\ w + |£||-D/|iu yields 

^/(Vp)! < \Df\ w \Dg\ w , m-a.e. on Q, (2.13) 

and in particular if f,g G S P {Q) (respectively f,g G Sf oc (ft)) then ^/(V^I-D^S -2 G L 1 ^) 
(respectively ^/(Vs)!^ -2 € L} oc {Q)). 
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The convexity of f \D(g + f)\w gives 

D~f(Vg) < D + f{Vg), m-a.e. on fi. (2.14) 
Also, from the definition it directly follows that 

D+{-f)(Vg) = D+f{V(-g)) = -D~f(y g ) m-a.e. on 0, (2.15) 

and that 

D ± g{Vg) = \Dg\ 2 w m-a.e. on 0. (2.16) 
The locality properties (|2.8p , (|2.9p of the weak gradients also imply that 

D ± f(Vg) = 0, m-a.e. on f~ x (N) U g~ x {N), VJVcM such that £}{N) = 0, (2.17) 

and that 

D ± f(Vg) = D ± f{Vg), m-a.e. on {/ = /} n {g = g). (2.18) 

The quantity D f{S7g) satisfies also the useful homogeneity, convexity and semicontinuity 
properties stated in the next proposition (for the proof see Proposition 3.2 in [S]). 

Proposition 2.8 (Basic properties of D f(S7g)). Let (X, d,m) be as in (12.2|) satisfying a 
Po-Poincare inequality (j2.3|) . C X an open subset, p > po strictly greater than 1 and 
g G Sf oc (fi). Then the map 

SIM If » D+f(Vg), 
is positively 1 -homogeneous and convex in the m-a.e. sense, i.e. 

D+((l - A)/ + A/i)(V 5 ) < (1 - X)D+f 1 (Vg) + XD+f 2 (Vg), m - a.e. on n, VA e [0, 1]. 

Similarly, 

is positively 1-homogeneous and concave in the m-a.e. sense. 
Moreover these maps are 1-Lipschitz in the following sense: 

\D ± h(Vg)-D ± f 2 {Vg)\<\D(f l - f 2 )\ w \Dg\ w m-a.e. V/i, f 2 € Sf^fi). (2.19) 

Conversely, for given f € S^ oc (0), zf ZioWs 

Sf oc (fJ) 9g i— ?> D + f(\7g) is positively 1-homogeneous and upper semicontinuous, 
Sf (fi) 9 <7 I—)- D~f(Vg) is positively 1-homogeneous and lower semicontinuous, 

(2.20) 

where upper semicontinuity is intended as follows: if f2' C fi is open and (g n ) C S P ($Y) are 
suc/i t/iai f,gE S p (£l') and J Q , \D(g — g n )\w dm — > 0, i/ien ii holds 

En" / L> + /(V 5n )p 5re |^- 2 dm< / L> + /(V 5 )|L» 5 |r 2 dm, 
Ay Ay 

similarly for lower semicontinuity. 
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We shall also need the following calculus rules proved in Section 3.3 of [9] (notice that 
these properties were proved for functions in S^ oc (X, d, m), but due to the locality properties 
of the statements, they directly apply to functions in Sf (fi)). 

Proposition 2.9 (Chain rules). Let (X, d, m) be as in (|2.2p satisfying a po-Poincare inequality 
(|2.3p . ft C X an open subset, p > po strictly greater than 1 and f,g G S^ oc (ft). 
Then for any ip : R — > R Lipschitz it holds 

D ± (<p o /)(Vo) = {iff o /) D ±si ^'°Vf(Vg), m-a.e. on ft, (2.21) 

where the right hand side is taken by definition at points x where ip is not differentiable at 
fix)- 

Similarly, for any ip : R — > R Lipschitz it holds 

D ± f(V(ij o g)) = (<// o g) D± s W°s) /(V5 ), m-a.e. on 0, (2.22) 
where the right hand side is taken fry definition at points x where ip is not differentiable at 

g{x)- 

Proposition 2.10 (Leibniz rule). Let (X, d,m) be as in (|2.2p satisfying a pQ-Poincare in- 
equality f) 2 . 3 [) . ft C X an open subset, p > po strictly greater than 1, fi, fi € Sf oc (ft) nL^ c (0) 
and g € Sf oc (ft). 

TTien ra-a.e. on ft if aoWs 

D + {fif2)(y 9 ) < fiD^f 2 (Vg) + f 2 D^f 1 (Vg), 
D-(hf 2 )(Vg) > fiD- n f 2 (yg) + hD-*h(yg), 

with Si := sign/j, i = 1,2. 

Remark 2.11. We recall that on a smooth Finsler manifold the Leibniz rule for gradients 

V(gig 2 ) = 5iVg 2 + 52Vgi, 

holds for any couple of smooth functions gi,g2 if and only if the manifold is Riemannian. 
Hence in the general metric-measure theoretic framework in order to obtain a Leibniz rule 
valid for gradients we need to make an assumption which resemble 'the norms on the tangent 
spaces come from scalar products'. Such assumption will be called infinitesimal Hilbertianity 
and discussed below. ■ 

Finally let us recall the definition of q-infinitesimally strictly convex and infinitesimally 
Hilbertian spaces and related calculus rules. 

Definition 2.12 (q-infinitesimaHy strictly convex spaces). Let (X, d,m) be as in (|2 . 2[) sat- 
isfying a pQ-Poincare inequality (|2 ,3|) . ft C X an open subset, p > po strictly greater than 1 
and q the conjugate exponent. We say that (X, d,m) is q-infinitesimally strictly convex if 

J D + f(Vg) | A?|r 2 dm = J D~f{Vg) [Dg^dra, V/, g G S P (X, d, m). (2.23) 
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From the inequality (|2.14p . we get that the integral equality (|2.23[) is equivalent to the 
pointwise one: 

D+f(Vg) = D~f(Vg), m-a.e., V /, g G Sf oc (X, d, m). (2.24) 

Therefore if (X, d,m) is g-infinitesimally strictly convex, then for every open subset ft 

D+f(Vg)=D-f(Vg), m-a.e. on ft, V /, g G Sf oc (ft) . (2.25) 

Notice that in presence of a po-P°i ncar e inequality the identity D + f{S/g) = D~(X7g) is 
observed for any f,g€ S^° c (ft), as shown by the following proposition. 

Proposition 2.13. Let (X, d,m) be as in (|2.2p and supporting a po-Poincare inequality (j2.3|) . 
Po > 1- Let p > po and q be the conjugate exponent. Assume that (X, d,m) is q-infinitesimally 
strictly convex. Then for every ft C X open and any f,g£ S^° c (ft) it holds 

D+f(Vg) = D~f(yg), m-a.e. on ft. 

In other words, the space is also qo-infinitesimally strictly convex, qo being the conjugate 
exponent of po. 

Proof. With a truncation and cut-off argument and by the local nature of the statement we 
can assume that /, g G W 1,Po (X, d, m). By the approximation result given in Theorem 12.51 we 
can find two sequences (/ n ), (ffn) of Lipschitz functions converging to /, g in the W 1,po -norm 
and such that 

lim m({/„ / /}) = 0, 

n— >oo 

lim m{{g n / g}) = 0. 

n— »oo 

Since / n , g n are Lipschitz, they belong to Sf oc (X, d, m) and therefore by the identity (|2.24p we 
know that 

D + UVg n ) = D~f n (Vg n ), m-a.e.. (2.26) 
By the locality property (|2.18p we have 

D + f(Vg) = D + f n (Vg n ), D~f{Vg) = D'f n (Vg n ), m-a.e. on {/„ = /} n {g n = g}, 

and the conclusion follows letting n — > oo in (|2.26p . □ 

Due to this proposition, on spaces satisfying a po-P°i ncar 6 inequality when dealing with 
infinitesimal strict convexity will directly assume that the space is go-i n h n it es i ma hy strictly 
convex. In this case, the common value of D + f(Vg) and D~ f{X?g) will be denoted by 
Df{Vg). 

Remark 2.14 (Calculus rules in the infinitesimally strictly convex case). Let (X, d,m) be 
as in (I2.2p . supporting a po-P° m care inequality, po > 1, and go-i n h n it es i ma hy strictly convex 
space, qo being the conjugate exponent of po. Then for any g G S^ c (ft) the map 

Sf o c (^) 3 / ^ Df(Vg), 

is linear m-a.e., i.e. 

D{ ai h + a 2 f 2 ){Vg) = axDf^Vg) + a 2 Df 2 (Vg) m-a.e. on ft, (2.27) 
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for any /i, / 2 G Sf oc (fi), «i, a 2 G R. 

Furthermore, under the same assumptions of Propositions 12.91 and 12.101 the chain rules 
and the Leibniz rule read as 

D(<pof)(Vg) = <p'of Df(Vg), 

Df(V(tpog))=ip'ogDf(Vg), (2.28) 

£>(/i/ 2 )(Vg) = fiDf 2 (Vg) + f 2 Dfi(yg), 

these equalities being intended m-a.e.. ■ 

Definition 2.15 (Infinitesimally Hilbertian spaces). Let (X, d,m) 6e as in (|2.2p , We say 
£aa£ (X, d,m) is infinitesimally Hilbertian if the map 



S\X,d,m)3f ^ J\Df\l dm, 



satisfies the parallelogram rule. 

The crucial property of infinitesimal Hilbertian spaces is that not only D + f(Vg) = 
Z?~/(Vg), but that these expressions are also symmetric in /, g: this is the content of the 
next proposition, for the proof see Proposition 4.20 in [9] (see also Section 4.3 in [5]). 

Proposition 2.16. Let (X, d,m) be as in (|2.2p . Then it is an infinitesimally Hilbertian space 
if and only for every Q C X open and /, g G Sf oc (Q) it holds 

D + f{Vg) = D-f(Vg) = D + g{Vf) = D~g(Vf), m-a.e. on Q. 

If the space supports a po-P°i ncar e inequality for some po G (1,2), the symmetry of 
DfiVg) is observed also for functions in S^ oc (f2) for any p > po, as shown in the following 
simple statement 

Proposition 2.17. Let (X, d,m) be as in (]2.2[) and supporting a po-Poincare inequality fj2 .3fl 
for some po G (1,2). Assume that (X, d,m) is infinitesimally Hilbertian. Then for every 
P > PO; even/ open set !lcl and even/ two functions f,g£ Sf oc (J7) it holds 

D + f(Vg) = D-f(Vg) = D+g(Vf) = D~g(Vf), m-a.e. on U. 

Proof. Same as the proof of Proposition 12.131 □ 

To highlight the symmetry of the object Df(Vg) on infinitesimally Hilbertian spaces, we 
will denote it by V/ ■ Vg. 

Remark 2.18 (Calculus rules on infinitesimally Hilbertian spaces). Let (X, d,m) be as in 
(|2.2p supporting a pQ-Poinc&re inequality, po £ (1,2), and infinitesimally Hilbertian. Then 
the calculus rules simplify as follows. For $7 C X open and /, g G S^ c (r2), the linearity in 
(|237l) yields 



V(ai/i + a 2 / 2 ) • Vg = aiV/i • Vg + a 2 V/ 2 • Vg V/i, / 2 ,g G S*(n), ai,a 2 € 



(2.29) 



V/ • V(ftgi + ftg 2 ) = ft V/ • Vgi + ftV/ • Vg 2 V/, gi, g 2 G Sf° c (0), ft, /3 2 G 
and the Leibniz rule takes the form 
V(/i/ 2 ) • Vg = AV/a • Vg + / 2 V/i • Vg, V/i, / 2 G Sf o ° c (0) n L£ c (n, m), g G Sf° c (0), 
V/ • V(g x g 2 ) = 5l V/ • Vg 2 + g 2 V/ • Vg 1; V/ G Sf° c (Q), gi,g 2 G Sf o ° c (ft) n L&C^m), 

(2.30) 

these equalities being intended m-a.e. in Q. ■ 
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3 The object div(Wp) 



3.1 Definition 

In this subsection we define the object, fundamental for this paper, div(/iVg) for a Sobolev 
function g and integrable function h. The definition is of distributional nature and directly 
generalizes the one of distributional Laplacian given in [§]. First of all we define the set 
Test(O) of test functions in f2. 

Definition 3.1 (Test functions). Let (X, d,m) be as in (|2.2|) and f2 C X an open subset. We 
denote by Test (11) the set of Lips chitz functions on X with support compact and contained in 

n. 

Notice that if (X, d,m) is as in (|2.2p supporting a po-Pohicare inequality, then for p > po 
strictly greater than 1, g G Sf oc (Jl) and h G L q (Q), q being the conjugate exponent of p, 
inequality (|2.13p and the compactness of the support of / ensure that D ± f(Vg)h are in 

Definition 3.2 (Divergence). Let (X, d,m) be as in (|2.2h supporting a po-Poincare inequality 
(12. 3p , SI C X an open subset, p > po strictly greater than 1 and q the conjugate exponent. Let 
h G L* oc (Sl) and g G S? (Jl). We say that hX/g is in the domain of the divergence in SI, and 
write hVg G D(div, SI), if there exists a Radon measure fi on SI such that for any f G Test(Sl) 
it holds 

- J D sisn ^f{Vg)h dm < J fdfi<- J D- sisa ^f(Vg)hdm. (3.1) 
In this case we write jjL G div(hVg)\^. 

Remark 3.3 (Distributional Laplacian). If we take h = 1, the previous definition reduces to 
the definition of the Laplacian given in [9] (Definition 4.4). In this case we write g G -D(A, SI) 
in place of Vg G D(div, SI) and fi G in place of fi G div(Vg)| Q . ■ 

Notice that the divergence operator is 1-homogeneous both in and g, in the sense that 
it holds 

KVg G L>(div,Sl), 1 f aKVg, hV(ag) G£>(div,Sl), 

a G div(/iVg) J \ a/i G div(a/iVg), div(/iV(ag)), 

for any a G M. This can be directly checked from identities (12.15|) and the positive 1- 
homogeneity statements in Proposition ^. 81 In general, linearity in h is lost due to the presence 
of sign(/i) in the definition, and can be recovered only on infinitesimally strictly convex spaces 
(Proposition 13.16]) . Linearity in g is false in general (essentially because gradients do not 
linearly depends on functions on arbitrary Finsler manifolds) and can be recovered only on 
infinitesimally Hilbertian spaces, see Proposition 13.191 

Also, the definition naturally possesses the following global-to-local property: 

which follows from the fact that Test(Sl') is contained in Test(Sl). It is natural to expect that, 
being the definition of divergence of distributional nature, also a converse local-to-global 
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property holds. We are able to achieve this result only on infinitesimally strictly convex 
spaces, see Proposition 13.171 and Remark 13.181 after it for a discussion about the additional 
difficulties in the general case. 

Remark 3.4 (Potential lack of uniqueness). It is easy to produce examples where the set 
div(/iVg) contains more than one measure. Consider for instance the space (M. d , d||.|| , £ d ), 
where d||.|| is the distance coming from a norm || • || and L d the Lebesgue measure. For p > 1 
let E p : L 2 (R d ,L d ) -> [0, +oo] be defined by 



E P (f) 



I [ \\Df\\l dm, if the distributional differential Df of / is in L p (M. d , L d ) 



+oo, otherwise, 



where || • ||* is the dual norm (hence a norm on the cotangent space - i.e. the dual - of M. d ) of 
|| • || . This is the natural generalization of the p-energy in the normed situation. 

It is readily checked from the definition that if / 6 I? is an element of the subdifferential 
d~E p (g) of E p at some g € L 2 , then fL d € div(||D(7||*~ 2 Vg) in the sense of Definition 13.21 
Hence to give an example of non- unique divergence it is sufficient to produce a norm || • || and 
a function g such that the subdifferential of E p at g contains more than one point. 

To this aim, just consider a non-strictly convex norm || • || and notice that in this case 
the dual norm || • ||* is not differentiable. Then pick any smooth g such that for a set of x of 
positive measure || • ||* is not differentiable at Dg(x). A direct application of the definition 
shows that the subdifferential d~E p (g) of E p at g contains more than one function. ■ 

Remark 3.5 (Uniqueness on infinitesimally strictly convex spaces). With the same notations 
and assumptions of Definition (|3.2[) , if we further assume that (X, d , m) is q- infinitesimally 
strictly convex we get that div(^Vg) contains at most one measure [i. Indeed in this case 
the chain of inequalities f)3. 1 j) reduces to 



/ Df(Vg)hdva = f fdfx. 
Jn J 



3.2 Calculus rules 

In this section we collect the basic calculus rules for the divergence. We start with the 
following chain rule. 

Proposition 3.6 (Chain rule for gradients). Let (X, d,m) be as in (|2.2p supporting a pq- 
Poincare inequality (|2 ,3[) . Q, C X an open subset, p > po strictly greater than 1 and q the 
conjugate exponent. Let h € L q loc (Q), g G S^ oc (f2) and let <p : R — > M be a Borel function such 
that for every compact subset K C fi there exists a closed subset Ik C M where <p is Lipschitz 
and mfa-^R \ I K ) n K) = 0. 
Then 

dW(hV(<p o g)) = dW(h(<p' o g) Vg), (3.3) 

in the sense that one of the two sides is not empty if and only if the other is, and in this case 
the two sets of measures coincide. 
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Proof. Let f2' C be an open set with compact closure contained in Q. By the assumption 
on if we know that for m-a.e. x £ 0,' it holds 5(2;) € ijy and that ipy_ is Lipschitz. It follows 

that ip o g G S^ oc (f2) and ip' o g £ Lf£ c (£l). In particular, the couples of functions (/i, yog) and 
(/ty/ o g, g) satisfy the requirements asked in Definition 13.21 and the statement makes sense. 

Now fix / € Test(f2) and notice that the discussion just done ensures that the chain rule 
(|2.22p is applicable to get 

( D ± f(V(pog))hdm= [ D ±si ^'°^f(Vg)(p' oghdm. 
Jn Jn 

Thus the result follows directly from Definition 13.21 □ 

We now turn to the Leibniz rule for differentials. In the standard Euclidean setting it 
holds 

div(/ii/i2V<7) = V/ii • Wgh-z + /iidiv^Vg), 
and if M. d is endowed with a strictly convex norm the formula becomes 

di\(hih 2 Vg) = Dh\{Vg) h 2 + hxdiv(h 2 Vg). (3.4) 

Notice that while the formula always makes sense if the functions are smooth, when we turn 
to the distributional notion of divergence and to Sobolev/integrable functions, some care is 
needed: indeed, the term /iidiv^Vg), being the product of a Sobolev function and of a 
measure, in general makes no sense. In order for it to be well defined we need to assume 
either that h\ is continuous or that the measure div(ft,2Vg) is absolutely continuous w.r.t. 
Lebesgue. 

Hence the same sort of assumptions are needed in the abstract setting, and in order to 
prove the non-smooth analogous of (|3.4p we need a couple of approximation lemmas that 
show that the higher is the regularity of g and h or of div(gV/i), the wider is the class of 
functions for which the integration by part rules holds. 

Lemma 3.7 (Continuous and Sobolev test functions). Let (X, d,m) be as in (|2.2p supporting 
a po-Poincare inequality (12.31) . po > 1, Q C X an open subset and r > po. 

Then for every ip E S r (X, d, m)nC c (Jl) there exists a sequence (ip n ) C Test(Jl) of uniformly 
bounded Lipschitz functions such that U n supp(^ n ) is compact and contained in f2, ip n ( x ) 
ip(x) for every x € X and \\\D(ip — ip n )\w\\L r (X) ~ > as n — > 00. 

In particular, the following holds. Let p,q,r > 1 be such that 

111 . . 

- H H- = l, p,r>p , (3.5) 

p q r 

and let h € L q loc {9), g € Sf oc (0) such that hVg € D(div,0). 

Then for every tp S S r (X 1 d,m) n C c (0) and any [i € div(hVg)i^ it holds 

- [ D signW i;(Vg)h dm < [ r/>d/i<- / D~ s ^ h) ^{Vg)h dm. 
Jn Jn Jn 

Proof. Since m(supp(V>)) < 00 and ip is bounded, we have ip € L r (X, m) and therefore it 
belongs to W 1,r (X, d, m). From Theorem 12.51 we know that there exists a sequence (tp n ) C 
W 1,r (X, d, m) of Lipschitz functions converging to ip in W ' r (X, d,m) such that 

lim m({ip n ^ ^}) -> 0. 
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Define V*' + , : X -> R by 

V^ + (*) := inf ^(y) + := sup^y) - 

y zi y zt 

It is easy to check that, since V € Cf,(X), the functions V 4 ' + an d V 1 *' - are Lipschitz, equi- 
bounded, and it holds ip t,+ (x) f V' i ' _ ( :r ) 4- VK^O as 1 1 for any i£X (see for instance 

Chapter 3 of [3]). 

Let tj} n t := min{max{^ n , tp t,+ }, ip t '~} and observe that the tp n t s are Lipschitz, uniformly 
bounded in n and t, and they pointwise converge to ip as t — > uniformly on n. Let £? n $ := 
{VVi,t 7^ "0} an d notice that E n>t C {V>n. 7^ V'} f° r an Y n > * an d thus lim^^oo m(-E ni t) = for 
any t > 0. Moreover, for any i G I it holds either ip nj t(x) = ipnfa) or ip nj t(%) = ijj t,+ {x) 
or ijj n j(x) = ^''(x), hence from the locality property (|2.9p and putting L t)+ := Lip(V> <,+ ), 
L tj „ := Lip(^''~) we get 





\D(i> n , t ~ 








[ \D(h 




'En,t 




[ \D(lP n - 




'X 



|W„,t-^dm 

<f \D(ip n -n r w dm+ [ \D(^+-ip)\ r w dm+ [ \D(^--^)\ r w dxn 

J E n ,t J E n ,t J E n< t 

j (L t<+ + \Dil>\ v ,) r dm + j (L t ^ + \D^\ w ) r dm, 

and therefore f x \D(ip njt — VOL dm — >• as n — > oo for any i > (the first term goes to 
because of the W 1,r -convergence of (ip n ) to ip, the other two by the absolute continuity of 
the integral). Hence with a diagonalization argument we can find a sequence t n X such that 
lim^oo J x \D(ip nt t n - VOL dm = 0. By construction it also holds ]im n ^ O0 ip n>tn (x) = ip(x) 
and sup neN \tp n ,t n \{x) < oo for any x € X. Hence (ip n ,t n ) has all the desired properties except 
possibly the fact that U n supp(V>n,t n ) is a compact subset of fl. To get also this, just replace 
ipn,t„ with Xtp n ,t n , where X € Test(fi) is any function identically 1 on supp(V0- It is immediate 
to check that this new sequence has all the desired properties. 

The second part of the statement is a simple consequence of the first, indeed for V € 
S r (X, d,m) PI C c (0), let (ip n ) C Test(fi) be as given by the first part of the statement and 
notice that by definition of /i it holds 



f D sisn ^i; n (Vg)h dm < f 4> n dfi<- [ Lr sisn ^n(V<?)hdm, 
Jn Jn Jn 



Vn € N. (3.6) 



Now conclude observing that the pointwise convergence of V>n to ip and the fact that the VVi's 
are uniformly bounded grant, via the dominated convergence theorem, that 



lim / tfj n dfi= / ipd/j,, 
In Jn 



and that the validity of lim n _ ! . 0O j x \D(ip n — VOL dm = together with ()2. 19j) give 

lim / D ±si ^ h ^ n (Vg)hdm = [ D ±si ^ h ^(Vg)hdra. 
n ^°° Jn Jn 

Thus we can pass to the limit in (13. 6f) and get the thesis. □ 
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Remark 3.8. Taking h = 1 in Lemma 13.71 under the same assumptions on (X, d,m), we 
S r (X,d,m) n C c (fi) and /i € Aa| n it holds 



get that if p, r > po, are conjugate exponents, g G Sf (f2) n D(A.,Q), then for every tp G 



- / D+T/j(Vff)dm< / ipdfj,<- D~ijt(Vg) dm, 
Jn Jn Jn 

which generalizes Lemma 4.25 in [9] to the S P (S7) framework, under dubling&Poincare as- 
sumptions. ■ 

Lemma 3.9 (Absolutely continuous measures in div(/iVg) and test functions in W 1,r (Q)). 
Let (X, d,m) be as in (|2.2p supporting a po-Poincare inequality (|2.3p . po > 1 anc ^ Slcl 
open subset. Let p, q, r > 1 6e snc/i i/iai 

111 , . 

- + - + - = 1, P,r>p - 3.7 
p q r 

Consider h G L? (fi), 5 € (Jl) mtt /iVg G Z)(div,fl) and snc/j that for some fi G 
div(/iVo)| r2 roe /i<roe (i«m u>ii/i ^ G L[^ c (r2), r' &ein<? the conjugate exponent of r. 
Then for every tp € W 1,r (X, d,m) compactly supported in VL it holds 

- [ D sisa ^ ip(Vg)h dm < / Vd/i<- / Z?~ sign(/l) V(Vo)/idm. 
Jn Jn is] 

Proof. By Theorem 12.51 we know that there exists a sequence (VvO C VF 1,r (X, d,m) of Lips- 
chitz functions converging to in W 1,r (X, d,m) and such that U n supp( , (/' n ) is compact and 
contained in £1. 

Now notice that the L r (f2) convergence of ip n to ^ yields limn^oo ip n d/i = J^ipdfi 
and that the validity of lim n _>. 00 f x \D(i/j n — T/?)|^dm ->• together with (|2.19p grants 
lim n _ +00 / f7 Z) ±si s n ( h )V'n(Vo)ndm = J Q L> ±si § n W^(Vg)/idm. Hence we can pass to the limit 
in 

- f D sl ^ h ^ n (V g)h dm < / V„d^<- / D^ h ^ n (Vg)h dm, 
Jn Jn Jn 

and conclude. □ 

Remark 3.10. Taking h = 1 in Lemma 13.91 under the same assumptions on (X, d,m), we 
get that if p, r > po, are conjugate exponents, g G Sf oc (Q) n D(A., Cl) and such that for some 
/U G Ao| n we have fj, <C m with ^ G L^ oc (fi, m| n ), then for every ip G V^ 1,r (X, d, m) compactly 
supported in f2 it holds 

- / D + i/)(Vg) dm < / ^dfi<- D~ip{Vg) dm, 

Jn 

which generalizes Lemma 4.26 in [9] to the S p (0) framework under doubling&Poincare. ■ 

In the proof of the Leibniz rule for the divergence we shall also need the following simple 
variant of the Leibniz rules presented in inequality (12.7P and Prop osit ion 1 2 . 1 Ol 
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Lemma 3.11. Let (X, d,m) be as in (|2.2p and supporting a po-Poincare inequality, del 
an open set, q > po strictly greater than 1, f\ G Wij5(0) and / 2 : ^ — > M locally Lipschitz. 
Then hh G ^ (fi) and 

Wl/ 2 )U < |/i||£>/2U + |/ 2 ||£>/iU, m-a.e. onft. (3.8) 

Furthermore, for any g G Sf oc (0), p ftemg i/ie conjugate exponent of q and assumed to be 
greater or equal to po, it holds 

D + {hf 2 ){Vg) < f 1 D^f 2 (Vg) + f 2 D^f 1 (Vg), 
D-{hf 2 ){Vg) > hD-^UVg) + f 2 D^h{Vg), 

m-a.e. on Vt, where Si is the sign of fi, i = 1,2. 

Proof. If f\ is locally bounded the thesis follows from inequality (|2.7|) and Proposition I2.1UI 
For the general case truncate f\ defining f^ := min{iV, max{/, — N}} and notice that 

\D(f?f 2 )\ w < \f?\\Df 2 \ w + |/ 2 ||A/fU < \h\\Df 2 \ + |/ 2 ||Z?/iU, 

where \Df 2 \ is the local Lipschitz constant of f 2 , which is locally bounded by assumption. 
Therefore \D(f^f 2 ) \ w is locally uniformly bounded in L q and letting N — > +oo we deduce 
from (23) that f x f 2 G S 9 (0). 

The second part of the statement can be deduced by the same truncation argument using 
the local nature of the claim. □ 



We are now ready to prove the analogous of (|3.4p in metric measure spaces. Notice 
that for general h\,h 2 ,g we need to assume that the space is innnitesimaily strictly convex: 
shortly said, this is needed because otherwise there would be a sign ambiguity in the term 
D ± hi(Vg)h 2 . In the particular case where h± is of the form ip o g this ambiguity disappears 
because thanks to the chain rule (|2.22p and the identity (I2.16P we know that D ± (ipog)(yg) = 
ip' o g\Dg\^. This situation will be analyzed in Proposition 13.131 below. 

Proposition 3.12 (Leibniz rule for the divergence). Let (X, d,m) be as in (12.2|) and support- 
ing a po-Poincare inequality (j2.3|) . po > 1. Assume furthermore that it is qo-infinitesimally 
strictly convex, qo being the conjugate exponent of po, and let Q C X be an open subset. 

Letp, q > po and r G [1, oo] be such that - + - + £ = 1 and g, hi, h 2 ■ O — > R Borel functions 

such that g G Sf oc (fi), hi G W^(Q), h 2 G L r loc (U). Assume also that h 2 Vg G D{d\w,Q.) and 
recall that due to qo -infinitesimal strict convexity there is only one measure u in div^Vg)^ 
(see Remark \3. 5\) . 

Then the following holds. 

i) Assume that h\ G C(f2). Then h\h 2 X7g G -D(div,f2) and the measure fx defined by 

fi = Dhi(Vg)h 2 m\ n + hm, (3.9) 
is the only measure in div^i/^Vg)^. 

ii) Assume that \i <C m with 4^ G L? (0) ; q' being the conjugate exponent of q. Then 
h\h 2 Vg G Z)(div,f2) and the measure fi defined by (|3.9p is the only measure in 
div(ni/i 2 Vg)| n . 
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Proof. 

(i) Our assumptions ensure that the right hand side of (|3.9p is a Radon measure on Q, thus 
the statement makes sense. Pick / G Test(f2) and use the Leibniz rule in Lemma 13.111 to get 



Df(Vg)h 1 h 2 dm = - [ D(//»i)(V<7)/»2dm+ f Dh 1 (Vg)fh 2 dm. 
Jn Jn 

Since fh\ G S q (Q) n C c (fl), by Lemma [3T71 we deduce 

D{fh 1 ){Vg)h 2 dxa = [ Aid/i, 



n 

and the thesis follows. 

(ii) The assumption that jx is absolutely continuous w.r.t. m with L q oc density together with 
the hypothesis h\ G L q oc {Vt) ensure that the rightmost term in (j3.9|) is a well defined Radon 
measure. Since clearly h 2 Dh\{Vg) G Lj oc (Q,), the right hand side of (J3.9P defines a Radon 
measure and the statement makes sense. 

Now let / G Test (J)) be arbitrary, and apply the Leibniz rule in Lemma 13.111 to get 

- I h l h 2 Df(Vg)dm = - [ D(fh l ){\7g)h 2 dxn + [ fh^Dh^Vg) dm. 
Jn Jn Jn 

Since fh\ G W 1,q {£l), we can apply Lemma and get 

- / D{fh l ){Vg)h 2 dm= [ fh!dfi, 
Jn J 

which gives the thesis. □ 

Proposition 3.13 (A Leibniz rule for divergence on non-inf. strictly convex spaces). Let 
(X, d,m) be as in (|2.2p . supporting a pQ-Poincare inequality (|2.3|) . po > 1, and Q C X an 
open subset. 

p 

Let p > po and g,h : £1 — > R Borel functions such that g G (Q), /i G L[~ c 2 (fi) and 
/iV<? G Z?(div, O). Let afeo : R — > R &e a Borel function such that for every compact subset 
K C O there exists a closed subset IjfCR where ip is Lipschitz and m(<7 -1 (R \ Ik) H if) = 0. 
Lei /x G div(/iV<?)u. 

TTien the following holds. 

i) Assume that g is continuous. Then p o ghVg G Z?(div, Q) and the measure jl defined 
by 

jl:=<pog^ + <p' ogh\Dg\ 2 w m\ , (3.10) 



belongs to div(y? o g /iV<?)| 



ii) Assume that for some r G [l,oo] /io/ds g G L[ oc (J7) and fi <S m wii/i ^ G L^ c (f2), 
r' feinj £/te conjugate exponent of r . Then (poghVg G D(div,0) and i/ie measure jl 
defined by ()3.10j) belongs to div(<£ o g hVg)i^. 
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Proof. 

(i) . We claim that ip o g is continuous. Indeed, for any open set 0' C £1 with compact 
closure in there exists by assumption a closed set I C K such that is Lipschitz and 
m(0' \ g _1 (I)) = 0. Since g is continuous, g~ l {I) is closed and thus 0' \ g~ l {I) is open. 
The doubling assumption ensures that all non-empty open sets have positive measure, thus 
it must hold Q! \ g~ l (I) = and the claim follows. 

In particular, the right hand side of f|3. lOj) defines a Radon measure and the statement 
makes sense. Let / £ Test(f2) and notice that the Leibniz formulas in Lemma 13.111 give 

D si ^ h \ipogf)(Vg)h < D si ^ h ^f(\/g)hipog + D si ^ h ^(^og)(Vg)hf, (3.11) 

and the chain rule in (f2~2"TD and the identity pTIoT) give D si ^ h ^((pog)(Vg)hf = \Dg\ 2 w <p'og hf. 
Therefore integrating ()3.11j) and rearranging the terms we get 

- / D si ^/NVo 9 dm<- / D si ^ h \^ogf)(Vg)hdm+ [ \Dg\ 2 w <p' o g hf dm. 
Jn Jn Jn 

We also have cp o g f € S P (X, d, m) n C c (0), thus we can apply Lemma [3771 and deduce 

- I D B ^ h ^ f(Vg)h<pog dm < [ ^ogfd^ + [ \Dg\ 2 w v' o g hf dm. 
With similar arguments we obtain 

- / D~^^ f (yg)hpog dm > [ <pogfdfi + [ \Dg\l<p'oghfdm, 
Jn Jn Jn 

so the proof is complete. 

(ii) . The proof follows the same arguments just used, with the help of Lemma 13.91 instead of 
Lemma 13.71 We omit the details. □ 

We now discuss a result about existence of the divergence and comparison estimate. The 
statement is analogous to the classical one valid in R rf 'a distribution which has a sign is 
a measure'. The arguments for the proof closely follow those of Proposition 4.12 in [9] for 
existence and comparison result for the Laplacian. 



Proposition 3.14 (Existence of the divergence and comparison). Let (X, d,m) be as in (|2.2p 

supporting a po-Poincare inequality (12.3ft . Q C X an open subset, p, q > 1 conjugate exponents 
with p > pq. Let g G S^ oc (0,), h 6 (CI) and assume that there exists a Radon measure jl 
on Cl such that for any f 6 Test(fi) non negative it holds 



I D~ si ^f(Vg)h dm < I f dfi. (3.12) 
Jn Jn 



Then hS/g € D(div,fl) and for any fi € div(/tV<?)u it holds \i < jl. 

Proof. Combining assumption (|3. 12[) and Definition 13.21, it is clear that if div(/iVg) is not 
empty and \i € div(hVg)\^ then /x < jl, therefore in order to conclude it is enough to construct 
a measure /i 6 div(/iV<7)u. 
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Let us consider the real valued map Test(fi) 3 / h-> T(f) := - f Q D" sisa ^ f{Vg)h dm. A 
simple application of Proposition 12.81 shows that it satisfies 

T(Xf) = \T(f), Vf e Test(ft), A > 0, 

T{h + h) < T(/i) + r(/ 2 ) V/i,/ 2 GTest(O), 

(use the convexity of / i— > D + f(Vg) on {/i > 0} and the concavity of / t— » D~ f(S7g) on 
{/i < 0}). 

Hence by the Hann-Banach Theorem there exists a linear map L : Test ($7) — > R such that 
£(/) < for any / € Test(fi). By (I2T5D we get 

- f D sisn ^f{Vg)h dm < L(f) < - [ D~ sisn{h) f(Vg)h dm, V/ G Test(Jl). (3.13) 
Jn Jn 

If we show that L can be represented as an integral w.r.t some measure fx then the proof is 
complete. The assumption (|3.12p together with (|3.13p implies that 

//d/2-L(/)>0, V/ G Test(fi), / > 0. (3.14) 
Jn 

Fix a compact subset C and a function X/< G Test(O) with < Xk < 1 everywhere and 
Xk = 1 on K. Let C Test(O) be the set of test functions supported in K and observe 
that for any / £ Vk, the function (max I/QXr- + / belongs to Test(ri) and is non-negative. 
Thus (f3TT4l yields 

L(f) = L((max \f\)X K + f) ~ L((max \f\)X K ) 
< 



max\f\)X K + fdfl- (max\f\)L(X K ) < (max |/|) X K dp, + ji(K) - L(X K )) ■ 
Replacing / with — / we get 

\L(f)\ < (max |/|) (y X K dfi + fl(K)-L(XK) 



therefore L : Vk — > R is continuous w.r.t. the uniform norm. By the density of the Lipschitz 
functions in sup norm, the map L can be therefore uniquely extended to a linear bounded 
operator on the space Ck C C(X) of continuous functions supported in K. Since K C £1 was 
an arbitrary compact subset, by the Riesz Theorem we get that there exists a Radon measure 
/jonfl representing L, i.e. such that 

L(f) = [ f dfi, V/ G Test(fi). (3.15) 
Jn 

Combining (|3.13p and (|3.15p we conclude that hVg G D(div,Q) and fi G div(/iVg r )| f2 . □ 

Remark 3.15. In the proof of this existence result we used the Hahn-Banach theorem which 
in turn to be proved needs some form of Axiom of Choice. Yet, with the same assumptions and 
notations of the proposition, if we further assume that the space is g-infinitesimally strictly 
convex, q being the conjugate exponent of p, we directly obtain that the map T built in the 
proof is linear. Thus the argument goes on without any use of Choice. Our only application of 
Proposition 13. 141 will be in Corollary 14.41 where infinitesimal strict convexity will be assumed. 
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Next we show that on infinitesimally strictly convex spaces the divergence is linear in h 
and local. 



Proposition 3.16 (Linearity in h). Let (X,d,m) be as in (|2.2p . supporting a po-Poincare 
inequality, pq > 1, and assume also it is qo -infinitesimally striclty convex, where qo is the 
conjugate exponent ofpo- Letp > po, SI C X an open subset g G Sf oc (ty and hi, hi G L^ oc {£l), 
q being the conjugate exponent of p. 

Assume that h\V g,h 2 V g G D(div,Q) and denote by ii\,[i 2 respectively the only measures 
in div(/tiV<?)|^, div^Vg)^ (see Remark \3.5\) . 

Then for every ol\,ol2 G M it holds [a\h\ + 02/12) G D(div, il) and the measure ol\^i + 
02/U2 is the only one in d\w{{a\h\ + a 2 h 2 )S/ 'g)\ n 

Proof. Just pick / G Test(fi) and recall the linearity in (|2.27p to get 

- / Df(Vg)(a 1 h 1 + a 2 h 2 ) dm = -ai / Df(Vg)hi dm - a 2 / Df(Vg)h 2 dm 
Jn Jn Jn 



ai / fdfii + a 2 / fdfi 2 = / /d(ai/ii + a 2 \x 2 ), 
Jn Jn Jn 



which is the thesis. □ 

Proposition 3.17 (Local to Global). Let {X, d,m) be as in (|2.2p , supporting a po-Poincare 
inequality (|2.3p , po > 1> anc ^ assume also it is qo-infinitesimally strictly convex, where qo is 
the conjugate exponent of po- Let C X be an open subset and {Qj}j g / a family of open 
subsets such that = Ujf2j. 

Let p > pq, q the conjugate exponent, g G Sf oc (£l), h G L^ oc (0,) with hVg G D(div, f2,) for 
every i G I. Denote by [ii the only element of div^Vg)^ (see Remark \3.5\) . Then 

and hS/g G D(div,il), where the measure fi onVL defined by 

[j,\q. := Mi G L (3.17) 

is the only element of div(/i\7 g)\^- 

Proof. Let i,j G I and / G Test(Oj n O,). Then by the very definition of div(/iVg) together 
with the go-infinitesimal strict convexity we get 

-/ fdm= f D f (V g)h dm = - f fd H 

Jciitinj Jnitinj ^/n^nQj 

which gives (|3. 16[) . Notice that, in particular, the measure [i is well defined by (|3.17p . 

Now fix / G Test(fi). Since supp/ is compact, there exists a finite subset 2/ C / of indexes 
such that supp/ C Uigiyfij. The doubling assumption yields that closed bounded subsets of 
X are compact and from this it is easy to see that we can build a family {Xi}iei f of Lipschitz 
functions such that Ylielt = 1 on supp/ and suppXj is compactly contained in for any 
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i € If. Hence fXi € Test(f2j) for any i € If and taking into account the linearity of the 
differential expressed in (|2.27p . we have 



j Df(Vg)hdm= j D^X i f)(Vg)hdva=Y J [ D(Xif)(Vg)h dm 
2/ Xi/d/Xi = - / /d^Xi/ii) =- / /d//, 



(3.18) 



as desired. □ 

Remark 3.18. It is unclear to us whether an analogous of this statement holds dropping 
the assumption of infinitesimal strict convexity. We remark that the equality (|3.16j) certainly 
can't hold in full generality, because the measures \i{ are not unique. Also, carrying over the 
same computations in (I3.18h lead to inequalities 'with the wrong sign'. Actually, it is unclear 
to us whether any local-to-global property holds for the divergence on M rf endowed with the 
Lebesgue measure and a non-strictly convex norm. The need for infinitesimal strict convexity 
in this globalization result is what prevents us to prove the sheaf property of p-(sub/super)- 
minimizers in full generality, see Proposition 15.11 and Remark 15.21 ■ 

We now show that on infinitesimally Hilbertian spaces the divergence is linear in g and 
satisfies the Leibniz rule for gradients. 

Proposition 3.19 (Linearity in g). Let (X, d,m) be as in (|2.2p . supporting a po-Poincare 
inequality (|2.3p . po € (1,2], and infinitesimally Hilbertian. Let p > po, del open <?i, <?2 £ 
S? (fi) and h 6 L q oc (Q), q being the conjugate exponent of p. 

Assume that /iVgi, /1V52 £ D(div,Q) and denote by [11,^2 the only measures in 
div(/iV<7i)| n ,div(/iV<72)| n respectively (see Remark \3. 5\) . 

Then for every /?2 £ ^ it holds hS/{(3\g\ + (3292) £ -D(div, O) and the measure + 
/?2^2 is the only measure in div(/iV(/3igi + 0292)) fa- 
Proof. It directly follows from the linearity in g of V/ • Vg expressed in (12.29|) . Indeed, fix 
/ € Test(O) and notice that 

- f V/-V(/3 l5l +/3 2 <7 2 )/idm = -/3i f V/ • V 9l h dm - (3 2 [ Vf-Vg 2 hdm 
Jn Jn Jn 



= /?! / /dAn + /3 3 / /d/i 2 = / /d(/3 im + te), 
Jn Jn J 

which is the thesis. □ 

Proposition 3.20 (Leibniz Rule for gradients). Let (X, d,m) be as in (|2.2p . supporting a 
PQ-Poincare inequality (|2,3p . po £ (1,2), and infinitesimally Hilbertian. Let p > po, H C X 
open, <7i, (72 £ S^ oc (J7) n L^ c (f2) and /i G L q loc (Q), q being the conjugate exponent of p. 

Assume that /151V32, hg2Vg± € D(div,Q) and Ze£ ^1,^2 be the only measures in 
div(/iaiV52)| n , div(/i<72Vai)|^ respectively (see Remark \3.5\) . 

Then hV{g\g2) € D(div,f2) and the measure fi defined by 

A = Mi + ^2 

is the only measure in div(/&V(<7i<72))|jy 
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Proof. It directly follows from the Leibniz rule for gradients given in (|2.30p . Indeed, choose 
any / S Test(f2) and notice that 

- f Vf-V(g m )hdm = - f (V/ • Vg 2 ) 9l hdm - [ (V f ■ V 9l ) g 2 h dm 
Jn Jn Jn 

= fdfi 1 + fdfi 2 = / fd(m + fi 2 ), 
Jn Jn Jn 

which is the thesis. □ 

4 Relation with non linear potential theory 

In this section we present the main results of this paper, which consist in relating the calculus 
tools described up to now to (sub/super)-minimizers of the p-energy. 

Definition 4.1 (Sub/superminimizers). Let (X, d,m) be as in ()2.2[) supporting a po-Poincare 
inequality, Q C X an open set, p > po strictly greater than 1 and g : Q — > R a Borel function. 
We say that g is a p-superminimizer provided g £ S p (il) and 

[ \Dg\ldm< [ \D(g + f)\idm V/ 6 Ttest(fi), / > 0. (4.1) 
Jn Jn 

Similarly, we say that g is a p-subminimizer provided g G S p (0) and 

[ \Dg\P w dm< [ \D(g + f)\ldm V/ € Test(fi), / < 0. (4.2) 
Jn Jn 

Finally, we say that g is a p-minimizer if it is both a p-superminimizer and a p-subminimizer. 
Notice that g is a p-minimizer if and only if it holds 

/ \Dg\ldm< [ \D(g + f)\ p w dm V/ € Test(«). (4.3) 
Jn Jn 

Indeed the 'if is obvious, for the 'only if we pick / G Test (J)) apply ()4. 1[) with max{/, 0} in 
place of /, (|4.2p with min{/, 0} in place of / and add them up to get 

2 I \Dg\^dm< I \D(g + max{/, 0})|£ + \D(g + min{/, 0})|£ dm, 
Jn Jn 

then notice that the locality property (|2.9p yields that m-a.e. on {/ > 0} it holds 

\D{g + max{/,0})U = \D(g + f)\ w , 
\D(g + min{/,0})| w = \Dg\ w , 

and similarly m-a.e. on {/ < 0} it holds 

\D(g + max{f,0})\ w = \Dg\ w , 
\D(g + mm{f,0})\ w = \D(g + f)\ w . 

Observe also that thanks to the approximation result in Theorem 12. 5\ (|4.ip is equivalent to 

/ |^[S,dm< / [£>G7 + /)|*dm V/ e S p (X,d,m), f > 0, su PP (/) cc fi, 
Jn Jn 
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and similarly, (|4.2p is equivalent to 

/ \Dg\l dm < [ \D(g + f)\ldm V/ € S P (X, d, m), / < 0, supp(/) CC 0. 
Jn Jn 

Indeed, first truncate the / to get a function in W 1,p , then apply Theorem 12.51 and finally 
pass to the limit in the truncation. 
We have the following result. 

Theorem 4.2 (PDE characterization of p-minimizers) . Let (X, d,m) be as in (|2.2p and sup- 
porting a po-Poincare inequality (j2.3|) . Let £1 C X be an open subset, p > po strictly greater 
than 1 and g £ S P (S7). 

Then the following are equivalent: 

i) g is a p-minimizer. 

ii) For any f £ Test(O) it holds 

- [ D + f(Vg)\Dg\P w - 2 dm<0<- [ D~ f{V g)\Dg\l~ 2 dm. (4.4) 
Jn Jn 

Hi) \Dg\ p ^~ 2 Vg € D(div, O) and the null measure belongs to div(\Dg\ P L i~ 2 Vg)\£i. 
iv) For any f £ S P (X, d,m) with support compact and contained in ()4.4p holds. 
Proof. 

(i) =4- (ii). Fix / E Test(O) and e > 0. Obviously ef has compact support in Q and belongs 
to S p (f2), hence writing inequality (14, 3p with ef in place of / and dividing by ep we get 



ep 



now let e 4 and recall that 



^ + /(V g )|^- 2 =lim '^ + £/ )'--'^ , 
eio ep 

and that (recall the discussion before Definition 12. 7p it holds 

\D(g -f)\ p w - \Dg\ p w ^ \D(g + ef)% - \Dg\l ^ \D(g + f)\l - \Dg% 



< sup < 



P 66(0,1) e P P 

Thus by the dominated convergence theorem we can pass to the limit in (|4.5p as e \. and 
obtain 

- / D + f(Vg)\Dgf- 2 dm < 0. (4.6) 
Arguing analogously for e < we get 

- / D-f(yg)\Dg\P- 2 dm >0, (4.7) 
Jn 
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putting together (|4.6p and (|4.7p we obtain 

- / D + /(V 5 )|D fl |S,- 2 dm < < - / D-/(V 5 )|^IST 2 dm, V/ E Test(O), 
Jn Jn 

which is exactly (ii). 

(ii) =>■ (i). Let / E Test(f2) and notice that by the very definition of D + f(Vg) we have 

£> /(V5)|Z?5|P < , m-a.e. on 0. 

Integrating this inequality and using the assumption (|4.4p we deduce 

/ |£>( 5 + /)|P dm >0, V/GTest(fi), (4.8) 

which is the thesis. 

(ii) 43> (iii). Follows by the definition of div (\Dg\^~ 2 'S7 g)\ n - 

(iv) (ii). Obvious consequence of the fact that any / E Test(fi) is in S P (X, d,m) and with 
support compact and contained in Cl. 

(ii) (iv). Let / E S p (fi) be with compact support. For iV > let f N : = 
min{max{/, — TV}, N} and notice that f N E W^' P (X, d,m) and has support compact and 
contained in Cl. By the approximation Theorem 12.51 we can find a sequence (f n ) C Test(Jl) 
such that |||D(/ n — f N )\ w \\Lp(n) -> as n ^ oo. Write (|4.4p with / n in place of /, recall the 
1-Lipschitz estimate (12.190 and let n — > oo to get 

- / D+Z^CV^lD^dm^O^- / ^-/^(V^l^ir'dm. 
Jn Jn 

To conclude, just let N — > oo in these inequalities. □ 

Theorem 4.3 (Almost PDE characterization of p-sub/superminimizers). Let (X,d,m) be as 
in (|2.2p and supporting a po-Poincare inequality (j2.3[) . Let Cl C X be an open subset, p > po 
strictly greater than 1 and g E S p (fi). 
Then the following are equivalent: 

i) g is a p-superminimizer. 

ii) For any f E Test(O) non-negative it holds 

- I D+/(V 5 )|AC- 2 dm<0. (4.9) 
Jn 

iii) For any f E S P (X, d,m) non-negative and with support compact and contained in Cl 
inequality (|4.9p holds. 



Similarly, the following are equivalent: 
V) g is a p-subminimizer. 
ii') For any f E Test(O) non-positive it holds 



I D+f(Vg)\Dg\P- 2 dm < 0. (4.10) 
Jn 
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iii') For any f £ S P (X, d,m) non-positive and with support compact and contained in £1 
inequality (|4.9p holds. 



Proof. 

(i) =>• (ii). We argue exactly as in the first part of the proof of Theorem 14.21 Fix a non- 
negative / € Test(r2) and e > 0. Writing inequality (|4.ip with ef in place of / and dividing 

by ep we get 

_ r w -I^R dro<0 

Letting e 1 and using the dominated convergence theorem we conclude. 

(ii) =>■ (i). We follow the same arguments used in the second part of the proof of Theorem 
14.21 Let / € Test (J)) be non-negative and notice that by the very definition of D + f(Vg) we 
have 

D+f { Vg)\Dg^ < l^ + ^-l^ , m-a.e. on SI. 
Integrating this inequality and using (|4.9p we conclude. 

(iii) =>• (ii). Obvious consequence of the fact that any / € Test(fJ) is in S P (X, d,m) and with 
support compact and contained in 0. 

(ii) (iii). It follows from the approximation with Lipschitz functions provided in Theorem 
12.51 in conjunction with the 1-Lipschitz estimate (|2.19p . as in the proof of Theorem 14.21 
(i') -£4> (ii') 4=> (iii'). The conclusion comes from the very same arguments. □ 

It is important to remark that (ii) (and similarly (ii')) of the above theorem is in general not 
the same as requiring l-Dglfu 2 Vg € D(div, SI) with > [i for some/any /j, € div(|-D<?|^ 2 Vg). 
This is due to the fact that the object D + f(Vg)\Dg\ p u 2 appears in the left-hand-side of (|4.9p . 
rather than D~ f(S/g)\Dg\ p ~ 2 which would allow to apply Proposition 13.141 Yet, at least for 
infinitesimally strictly convex spaces a PDE characterization of sub/superminimizers can be 
obtained, as shown by the following Corollary. 

Corollary 4.4 (PDE characerization of p-sub/superminimizers on inf. strictly convex 
spaces). Let {X, d,m) be as in (I2.2p supporting a po-Poincare inequality, po > 1, and qo- 
infinitesimally strictly convex, where qo is the conjugate exponent of pq. Let Q C X be an 
open subset, p > po and g £ S p (il). 
Then the following are equivalent: 

i) g is a p-superminimizer. 

ii) It holds \Dg\ P J" 2 Vg € Z)(div,f2) and the only measure \x in di~v (\Dg\^~ 2 Vg)^ is non- 
positive. 

Similarly, the following are equivalent: 
i') g is a p-subminimizer. 

ii') It holds \Dg ] ^~ 2 "S/g € D(di\r,Sl) and \i in div (\Dg\ P J~ 2 \7g)^ is non-negative. 
Proof. Just recall that on go-infinitesimairy strictly convex spaces it holds 

- / D~ f{Vg)\DgZ~ 2 dm =- / D + f {V g)\D g\l~ 2 dm, V/ € S P (S1). 
Jn Jn 

Therefore the conclusions come from Theorem 14.31 and Proposition 13.141 □ 
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5 Some applications 



5.1 Sheaf property of harmonic functions 

As a consequence of the local nature of the definition of distributional divergence, in case of 
Qo-infinitesimally strictly convex spaces we can give a positive answer to the Open Problem 
9.22 in [B] concerning the sheaf property of harmonic functions. More precisely, we will 
prove the sheaf property of p-sub/superminimizers, while the problems in [6] are stated for p- 
sub /super harmonic functions. The latter are defined in terms of comparisons with harmonic 
functions attaining the same value of the given function at boundaries of open sets. Like 
in the standard Euclidean case, there are strong connections between the two concepts, see 
Chapter 9 in [6] for an overview. 

Proposition 5.1 (Sheaf property of p-minimizers and p-sub/superminimizers). Let (X, d,m) 
be as in (|2.2p . supporting a po-Poincare inequality (|2.3p . po > 1, and qo -infinitesimally strictly 
convex, where go is the conjugate exponent to pq. Let p > po and {f2j}j 6 / a family of open 
subsets. Put 0, := UjJlj and let g G S p (0). 

Then g is a p-minimizer (resp. p-superminimizer, resp. p-subminimizer) onQ if and only 
if it is a p-minimizer (resp. p-superminimizer, resp. p-subminimizer) on flj for every i G /. 

Proof. It is clear that if g is a p-minimizer (resp. p-superminimizer, resp. p-subminimizer) 
on Q, then it is also a p-minimizer (resp. p-superminimizer, resp. p-subminimizer) on Oj for 
every i E I, thus we pass to the converse implication. 

Assume that g is a p-superminimizer on Oj for every i £ I. Then by Corollary 14.41 we 
have \Dg\ZT 2 Vg € Z}(div,f2j) for every i G / and the only measure \%i in div (\Dg\ 7 ^~ 2 V g)^ 

satisfies p^ < 0. We now apply Proposition 13.171 with h := \Dg\u7 2 € L q (Q) to deduce that 
| Z?<7 |fl, Vg £ D(div,S7) and that calling fi the only measure in div(\Dg\^ Vg)\ n it holds 
= \i{ for all i € /. Hence /x < and using again Corollary 14.41 we conclude that g is a 
p-superminimizer on f2. 

A similar argument applies to p-subminimizers and p-minimizers. □ 

Remark 5.2. Given that we assumed infinitesimal strict convexity to prove the sheaf property 
of p-minimizers, it is natural to question what happens if this hypothesis is dropped. We don't 
know. Worse than this, we don't know the answer neither for p = 2 when the base space 
is M? equipped with the Lebesgue measure and a non-strictly convex norm. The fact that 
this problem looks - to us - non-trivial to treat even in such a simple and concrete case, 
suggests that there might be additional intrinsic geometric/analytic complications when the 
considered space is not assumed to be infinitesimally strictly convex. ■ 

5.2 Composition of superminimizers with convex and increasing functions 

The availability of a differential calculus allows, in some case, to simplify proofs or at least 
to let them look closer to what they are in the standard Euclidean case. As an example we 
give a new proof of the fact that the composition of a superminimizer with a convex and 
non-increasing function is a subminimizer and some related properties, see Theorem 9.41 and 
Corollary 9.43 in [6] for a different approach to similar statements. On infinitesimally strictly 
convex spaces and for smooth functions (p all the properties stated below are a consequence 
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of the equivalence stated in Corollary 14.41 and the chain rule 

div(|Z% o g)\ p ~ 2 V{p o g)) =\p' o g\P-^> o g div(|D ff |^ 2 Vff) 

+ (p-l)\^og\P-^"og\Dg\P w m, 

which in turn follows from (|2.10p . (|2.22p and Proposition 13. 121 

Yet, on the general case we can't proceed this way for two reasons: the first is that 
if the space is not infinitesimally strictly convex we don't have a PDE characterization of 
sub/superminimizers, the second is that if p is not C ' the term \p' o g\ p ~ 2 p" o g\Dg\w in the 
above formula makes no sense. 

Proposition 5.3. Let (X, d,m) be as in (|2.2p be supporting a po-Poincare inequality (j2.3|) . 
Let f2 C X an open set, p > po strictly greater than 1 and g € S p (r2). Also, let L C K be a 
closed interval such that m(<7 _1 (R \ I)) = and p : I — >• R a function. 
Then the following are true. 

i) Lf g is a p-superminimizer and p is convex, Lipschitz and non-increasing, then p o g is 
a p-subminimizer 

ii) If g is a p-superminimizer and <p is concave, Lipschitz and non- decreasing, then po g 
is a p-superminimizer 

Hi) If g is a p-subminimizer and p is convex, Lipschitz and non- decreasing, then p o g is a 
p-subminimizer 

iv) If g is a p-subminimizer and p is concave, Lipschitz and non-increasing, then ip o g is 
a p-superminimizer 

Proof. We will prove only (i), the proof of the other points being similar. Since <p is Lipschitz, 
p o g £ S p (f2). Assume for a moment that p is C 2 with bounded second derivative, so that 
ip' og g S p (f2). Let / G Test(f2) be non-positive and use the chain rules (|2.10p . (|2.22p and the 
Leibniz rule in Lemma 13.111 to get 

D + f(V(pog))\D(pog)\l- 2 

= \p>' o g\ p ~ 2 p>> o gD- f(Vg)\Dg\P- 2 

> D+{f\p' o g\v-\> o g)(Vg)\Dg\P- 2 - fD~(\p> o g\ p ~ 2 p' o g)(V g)\Dg\^ 2 
= D + {f\p' o g\ p ~ 2 p' o g)(Vg)\Dg\l- 2 - (p - l)f\p> o g\ p ~ 2 p" o g\Dg\ p w , 

(5.1) 

where in the last equality we used first the chain rule (|2.2ip with g in place of / and \p>'\ p ~ 2 p' 
in place of cp, and then the identity f|2. 16|) . 
Since / < and p" > we have 

-(p-l)f\p'og\ p - 2 p"og\Dg\l >0. (5.2) 

Also, the function ip{z) := \ip' \z)\ p ~ 2 p' \z) is Lipschitz and thus by ()2.10|) we know that 
\p' o g\ p ip' o g is in S p (f2), hence / lip' o g\ p ~p' o g is in S p (0) as well and has compact 
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support in Q and the assumptions / < 0, p' < ensure that this function is non-negative. 
By (m) of Theorem 14.31 with /L' o 3 ip' o g in place of / we deduce 

/ D+(/|^o^-Vo ff )(V ff )|^- 2 dm>0. (5.3) 

Thus in this case the thesis follows integrating (|5.ip . using (|5.2p and (|5.3p and then recalling 
Theorem 14.31 

Now we consider the general case where ip is not necessarily C 2 . With a simple smoothing 
argument we can find a sequence ((p n ) C C 2 (I) such that: each y? n has bounded second 
derivative, the (p n 's are uniformly Lipschitz, convex and non-increasing and satisfy 

lim (p'(z) = (p'(z), for L 1 ! -a.e. z. (5-4) 
By what we previously proved we know that 

f D + f(V(vn°9))\D(vn°g)\lr 2 d m >0, Vn € N, / G Test(fi), / < 0. (5.5) 
in 

We claim that J*^ |-D(v? 9 — fn g)\w dm — > as n — » 00. Indeed, the uniform Lipschitz 
property of the (p^s ensures that for some L > it holds \D(p n o g)\ w < L\Dg\ w , so that 
the sequence \D(ip g — p n s)\w is dominated, while the chain rule (|2.10p and (|5.4p yield 
that \D(<p g — (fn g)\w -^0 m-a.e.. Thus the claim follows by the dominated convergence 
theorem. 

The upper semicontinuity property stated in (|2.20p with p> n o g in place of g n and ip o g in 
place of 5 together with (|5.5p gives 

/ Z?+/(V^o 5 ))| J D( (/ ,o 5 )|P- 2 dm> Ihu / D + /(V(v9„o 5 ))| J D(( / ,„o 5 )|P- 2 dm>0, 

for any non-positive / € Test(fi), as desired. □ 

5.3 Harmonicity of the Busemann function associated to a line on infini- 
tesimally Hilbertian CD(0, N) spaces 

A crucial step in the proof of the splitting theorem on Riemannian manifolds with non negative 
Ricci curvature is the fact that the Busemann function associated to a line is harmonic. This 
is a consequence of the strong maximum principle applied to the function b + + b~, where 
are the Busemann functions associated to the respective semi-lines, which has minima along 
the line itself and satisfies A(b + + b~) < (see below for the definitions). 

In [9] it has been proved that the Busemann function associated to a semi-line on CD(0, N) 
spaces has non-positive Laplacian, but the proof that it is harmonic (if associated to a line) 
was not completed due to the lack of a strong maximum principle. Here we complete this step 
relying on the fact that the strong maximum principle is indeed known to be true on doubling 
spaces supporting a Poincare inequality and on the PDE characterization of superminimizers 
that we just proved. 

We recall the following result proved in [6] (see Theorem 9.13). Notice that the formulation 
we are giving here is weaker than the one stated in [6], but sufficient for our purposes. 
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Theorem 5.4 (Strong maximum principle). Let (X, d,m) be as in (|2.2p and supporting a 2- 
Poincare inequality (|2.3p . iei g : X — > R be a lower semicontinuous function in S^ oc (X, d,m) 
with the following property: for any Slcl open with compact closure it holds 

[ \Dg\l,dm< [ \D(g + f)\ldm, V/ € Test(O), / > 0. 
Jn Jn 

Assume that g has a minimum. Then g is constant. 

We will apply the strong maximum principle on CD(0,N) spaces, whose definition is 
recalled below. 

Given a complete separable metric space (X, d) endowed with a non negative Radon 
measure m finite on bounded sets and a number N S (1, oo), we consider the functional Un 
defined on the space of probability measures with bounded support as: 

Un(p) ■= — J p 1- ^ dm, p = pm + p s , p s ±m 

Definition 5.5 (CD(0, N) spaces). Let (X, d) be a complete separable metric space endowed 
with a non negative Radon measure m finite on bounded sets and N € (1, oo). We say that 
(X, d, m) is a CD(0, N) space provided for every two probability measures with bounded support 
p,u on X there exists a W2-geodesic (pt) connecting them such that 

U N >{p t ) < (1 - t)U N ,(p) + M N ,{u), Vt € [0, 1], 

holds for any N' > N . 

The fact that we can apply the maximum principle in Theorem 15.41 to CD(0, N) space is 
ensured by the following proposition, see [13] and [17] for the proof of the doubling property 
and [14] for the proof of the Poincare inequality (see also [12] for the original argument on 
non-branching spaces). 

Proposition 5.6 (CD(0, N) implies doubling and Poincare). Let N G (1, oo) and (X, d, m) a 

CD(0,N) space. Then (supp(m), d, m) is doubling and supports a 1-Poincare inequality (and 
thus a fortiori a 2- Poincare inequality). 

Given a metric space (X, d), a curve 7 : [0, 00) — > X is said a half line provided it holds 

d(7 t> 7 a ) = |a-t|, Vt,s>0. 

The Busemann function b : X — > M associated to an half line 7 is defined as 

b(x) := inf d(7t, x) — t = lim d(7t,x) — t. 

The fact that the inf is equal to the lim is a consequence of the triangle inequality, which also 
ensures that b never takes the value —00. 

The following result has been proved in [9], see Proposition 5.19. 

Proposition 5.7 (Laplacian comparison for the Busemann function on CD(0,N) spaces). 
Let N E (l,oo), (X, d,m) a 2-infinitesimally strictly convex CD(0,N) space and assume 
furthermore that W 1,2 (X, d,m) is uniformly convex. 

Assume that there exists an half-line 7 : [0, 00) — > supp(m) and let b be the Busemann 
function associated to it. 

Then b € -D(A, X) and denoting by p the only measure in Ab, it holds p < 0. 
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Given a metric space (X, d), a curve 7 : R — > X is said to be a line provided it holds 

d(7t,7«) = \s-t\, Vi,sGR. 

To a line we can associate two Busemann functions b + ,b~ according to whether the limit is 
taken as t — > +00 or i — > —00: 

b + (x) := inf d(7t, x) — t = lim d(7+, x) — i, 

t>0 t^+oo 

b _ (x) := inf dH-t, x) — t = lim d( r Y-t,x)—t. 
Thanks to the maximum principle, we can obtain the following result. 

Theorem 5.8 (The Busemann function is harmonic on infinitesimally Hilbertian CD(0,N) 
spaces). Let (X, d,m) be an infinitesimally Hilbertian CD(0,N) space, 7 : R -4 X a Zme and 
b ± i/ie Busemann functions associated to it. 

Then b + = — b" on supp(m). In particular, denoting by /u ± the only measures in Ab 1 * 1 , 
it holds fi + = pT = 0. 

Proof. By Proposition ^. 71 we know that b + , b~ G D(A., X) with yT < 0. Let g := b + +b~ 
and notice that since both b + and b~ are Lipschitz, they both belong to S / 2 oc (X, d, m). Hence 
by Proposition 13.191 (applied with h = 1) we have g G D(A,X) n Sf oc (X, d,m) and the only 
measure // in satisfies fi = fi + + n~ < 0. 

Since g G S / 2 oc (X, d, m), for every open f2 C X with compact closure we have g G S 2 (fi) 
and the only measure in Ag|^ is fj,\^. The inequality /i < gives jjL\^ < 0. By Proposition 
15.61 we know that (supp(m), d, m) is doubling and supports a 2-Poincare inequality, therefore 
we can apply Corollary 14.41 to deduce that 

/ \Dg\l&m< f \D{g + f)\ 2 w dm, VO CC X open, / G Test(fi), / > 0. 

Finally, g has minimum in supp(m), because the triangle inequality gives g > and by 
definition we have 5(7*) = for any t £ 1. Hence we can apply Theorem 15.41 to the space 
(supp(m),d,m) and conclude. □ 

It is worth pointing out that there is a difference between what we are able to achieve 
in abstract spaces and what is true in the smooth Finsler setting. Indeed, here to apply 
the maximum principle we had to assume that the space is infinitesimally Hilbertian. This 
was needed to track the information on non-positivity of the Laplacian from to b + + b~. 
If the Laplacian is not linear, in general from Ab + < and Ab~ < we can't deduce 
A(b+ + b~) < 0. 

Yet, on smooth Finsler manifolds one has at disposal a maximum principle stronger than 
the one expressed in Theorem 15.41 Indeed, it is known that if 51,52 are such that Ag\ < 
and A52 < (A being the natural, possibly nonlinear, Laplacian on the manifold) and g± +g2 
has a minimum, then g\ + g<i is constant, see Lemma 5.4. in [8] and the references therein. 
A formulation like this is exactly what is necessary to get that the Busemann function is 
harmonic. However, as far as we know, such natural generalization of the maximum principle 
is currently unavailable on the non-smooth setting. 
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